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Abstract. Let 1 < k < 33/29. We prove that if Ai, A2 and A3 are non-zero real 
numbers, not all of the same sign and that A1/A2 is irrational and w is any real number, 

r „ ,, . ... I, , , 2 , \ k , I ^ I \ -(33-29fe)/(72fc)+e 

then lor any e > the inequality | \\p\ + X2P2 + A3P3 + vj\ < [m&Xj pj) 
has inhnitcly many solutions in prime variables p\, . . . , pk ■ 

(N 

C<\ ; 1. Introduction 

The goal of this paper is to solve a ternary Diophantine approximation problem which 
involves real powers of prime numbers. We restrict our attention to the values of the 
form Xxpx + X 2 pl + A3P3, where k G R and k > 1, but similar cases can be attacked with 
this approach as well, see, e.g., [9]. Our main result is 

Theorem 1. Let 1 < k < 33/29 be a real number and assume that Ai, A2 and A3 are 
non-zero real numbers, not all of the same sign and that A1/A2 is irrational. Let w be 
^ \ any real number. For any e > the inequality 

C3 ' 1, , . 2 1 \ k , \ ^ I \ -(33-29fc)/(72fc)+e ,~ v 



O 



3 

has infinitely many solutions in prime variables pi, . . . , pk 



The proof of Theorem Q] uses the variant of the circle method introduced by Davenport 
and Heilbronn to deal with Diophantine problems. Classical papers on this topic with 
integral k are Vaughan's ones, [T3j [H], Baker and Harman pQ, Harman [5j. For non- 
integral k we recall that Tolev [12] studied the values of the form p\ + p\ + p\ and 
proved that, for every k G (1, 15/14), all sufficiently large real numbers w can be well 
■ approximated. 

In order to deal with a problem with mixed non-integral powers, like the present one, 
a key tool is a suitable estimate for the L 2 -norms of exponential sums over prime powers, 
see Theorems [2] and E] of §21 which has some independent interest. These results allow us 
to have a comparatively wide "major arc" while keeping the resulting error term under 
control. This idea appeared in Briidern, Cook and Perelli pj and we exploit it also in [8] 
and [9]. 

Acknowledgement. We thank Alberto Perelli for a discussion. 

2. Proof of Theorem [T] 

We use the variant of the circle method introduced by Davenport and Heilbronn to 
deal with Diophantine problems. In order to prove that ([T]) has infinitely many solutions, 
it is sufficient to construct an increasing sequence X n with limit +00 such that ([T]) has 
at least a solution with maxjjx,- G [SX n ,X n ], where 5 is a small, fixed positive constant. 
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This sequence actually depends on rational approximations for Ai/A 2 : more precisely, 
there are infinitely many pairs of integers a and q such that (a, q) — 1, q > and 

Ai a 

A 2 <? 

We take the sequence X = g 9fc /( 2fc + 3 ) (dropping the useless suffix n) and then, as custom- 
ary, define all of the circle- method parameters in terms of X. We may obviously assume 
that q is sufficiently large. The choice of the exponent of q and of all the other parameters 
is justified in the discussion in §2.71 
Let 

S k {a)= Y, logpe(p k a). (2) 

X<p k <2X 

As usual, we approximate to S k using the function 

T k (a) = / e(t k a) dt 

and notice the simple inequality 

T k (a) X^mi^X, {a]- 1 ). (3) 

We detect solutions of ([I]) by means of the function K v (a) = max(0,r7 — \a\) for rj > 0, 
which, as the notation suggests, is the Fourier transform of 

'sin(7r^a)\ 2 



KJa) 



ira 



-) 



for a 7^ 0, and, by continuity, ^(0) = rf. This relation transforms the problem of 
counting solutions of the inequality (PQ) into estimating suitable integrals. We recall the 
trivial property 

K v (a) < min(r7 2 , \a\' 2 ). (4) 
For any measurable subset X of R let 

I(rj, zu, X) = / Si{\ia)S2{^20i)Sk{^ OL )K rt {a)e{wa) da. 
Jx 

In practice, we take as X either an interval or a half line, or the union of two such sets. 
The starting point of the method is the observation that 

I(r],w,R)= Y logpilogp 2 logp 3 / K n (ot)e({\ x pi + \ 2 p 2 2 + X3P3 + ^)«) da 
P1 , P lple[8x,x] Jr 

= Y l °SPi lo gP2 logp 3 max(0, 77 - |Aip a + \ 2 p 2 2 + X3P3 +&\) 
P1 , P lp§e[5X,x] 

< V {logX) 3 M{X), 

where J\f(X) denotes the number of solutions of the inequality ([T]) with pi, p 2 ,, P3 e 
[SX, X] . We now give the definitions that we need to set up the method. More definitions 
will be given at appropriate places later. We let P = P(X) = X 4 ^ 5fc ^~ £ , 77 = i](X) = 
x -(33-29fc)/(72fc)+ £; and R = R ( X j = r? -2x( fc - 1 )/( 4fc )(logX) 3 . The choice for P is justified 
at the end of §2.4[ the one for 77 at the end of §2.51 and the one for R at the end of §2.61 
See also the discussion in §2.71 for a more detailed argument. We now decompose R as 
Tl U m U t where 

P P- 

'x'xl' 



m = (-R, - J) U i?) , t = R \ (9K U m), 



2 



so that 

I(r], zu, R) = 1(77, zu, QJt) + I(rj, zu, m) + 1(77, tu, t). 

These sets are called the major arc, the intermediate (or minor) arc and the trivial arc 
respectively. In §2.11 we prove that the major arc yields the main term for I(rj, zu, R). 
In order to show that the contribution of the intermediate arc does not cancel the main 
term, we exploit the hypothesis that A1/A2 is irrational to prove that |Si(Aia)| 1/2 and 
|S , 2(A20;)| can not both be large for a G m: see §2.51 and in particular Lemma [31 for the 
details. The trivial arc, treated in §2.61 only gives a rather small contribution. 

From now on, implicit constants may depend on the coefficients Xj, on k, 5 and zu. 

2.1. The major arc. We write 

I(rj,zu,Tl) = / S i(Xia) S 2^20) S k {X 3 a)K rj (a)e{zu a) da 



ait 



Ti(\ia)T2(\20i)Tk(\za)K rj (a)e(wa) da 



an 



+ / (Si(Aia:) — Ti(Xia)^T 2 (X2a)T k (X 3 a)K v (a)e(zua) da 
Jm 

+ / Si(\ia)(S 2 (\2Ct) - T2(\2a))T k (\ 3 a)K r) (a)e(zua) da 



an 

+ / S 1 (X 1 a)S 2 (X 2 a)(S k (X 3 a) - T k (X 3 a))K v (a)e(zua) da 
Jdn 

= J 1 + J 2 + J 3 + J 4 , 

say. We will give a lower bound for J x and upper bounds for J 2 , . . . , J4. For brevity, 
since the computations for J 3 are similar to, but simpler than, the corresponding ones 
for J 2 and J4, we will skip them. 

2.2. Lower bound for J\. The lower bound J\ ^> rfX l l 2+l l k is proved in a classical 
way. We have 

Ji— Ti(\ia)T2{\2a)T k (\ 3 a)K v (a)e(zua) da 
Ti(\ia)T2(\2a)T k (\ 3 a) K v (a)e(zua) da 

+ °( K J px \T 1 (X 1 a)T2(\2a)T k (X 3 a)\K T) (a)day 
Using inequalities © and (jlj), we see that the error term is 

« r^X 1 /^ 3 / 2 l +0 ° ^ « ^2^1/2+1/^-2 = / 2 x l/2+lAX 

Jp/x a 3 

For brevity, we set D = [SX,X] x [(5X) 1 / 2 , X 1 ! 2 } x [(SX) 1 '* ,X l / k \. We can rewrite the 
main term in the form 

/ ••• / / e^X^ + X 2 tj + X 3 t 3 + zu)a) K v (a) dadtidt 2 dt 3 

= J - J max(0,r/- IX^ + X 2 t 2 2 + X 3 t k 3 + zu\) dt± dt 2 dt 3 . 

We now proceed to show that the last integral is 3> r) 2 X 1 ' 2+1 / k . Apart from trivial 
changes of sign, there are essentially three cases: 
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(1) Ax > 0, A 2 < 0, A 3 < 0; 

(2) Ax > 0, A 2 > 0, A 3 < 0; 

(3) Ax > 0, A 2 < 0, A 3 > 0. 

We briefly deal with the second case, the other ones being similar. A suitable change 
of variables shows that 

dui du 2 dw 3 



Ji > / ■ • " / max(0, 1] - |Ai«i + X 2 u 2 + A 3 w 3 |) 



1/2 1-l/k 

Mn Un 



> X 1/k 3/2 J ■■■ J max(0, 77 - |Ai«i + A 2 m 2 + A 3 u 3 |) dm du 2 du 3 , 

where D' = [8X, (1 - 5)X} 3 , for large X. For j = 1, 2, let a, = | A 3 |^/| Aj| , = 2aj and 
2Tj = [cijX, bjX}. Notice that if Uj G 3j for j = 1, 2, then 

A1W1 + \ 2 u 2 e [2|A 3 |5X,4|A 3 |5X] 

so that, for every such choice of (ui,u 2 ), the interval [a, b] with endpoints ±17 / [ A3 j + 
(A1M1 + A 2 « 2 )/|A 3 | is contained in [SX, (1 — S)X]. In other words, for u 3 G [a, b] the values 
of Ai«i + A 2 w 2 + A 3 m 3 cover the whole interval [—77,77]. Hence, for any (ui,u 2 ) G Ji x 3 2 , 
we have 

Hi-*)* 1 *t, 

/ max(0, 77 — \X\Ui + X 2 u 2 + A 3 w 3 |) dw 3 = — — / max(0, 77 — \u\) du 3> ?7 2 . 

J 8x I A 3 1 

Finally, 

,h » r ? 2 X 1 / fc - 3 / 2 / / dm d M2 » 77 2 X 1 / 2+1 / fc , 
which is the required lower bound. 

2.3. Bound for J 2 . We define another approximation of Sk(a), namely 

U k (a)= e ( n " a )' ( 5 ) 

X<n k <2X 

The Euler summation formula implies that 

T k (a) - U k (a) < 1 + |a|X (6) 

Using (J4]) we see that 

J 2 <^ 2 / |S 1 (A 1 «)-T 1 (A 1 «)||T 2 (A 2 a)||T fe (A 3 a)|da 

./3JI 

< 77 2 / |5 1 (A 1 a)-f/ 1 (A 1 a)||T 2 (A 2 a)||T fc (A 3 a)|da 



+ 77 2 / |f/ 1 (A 1 a)-T 1 (A 1 a)||T 2 (A 2 a)||T fc (A 3 a)|da 
= 77 2 (A 2 + J B 2 ), 

say. In order to estimate A 2 we use Theorems [2] and [3j By the Cauchy inequality and 
(jHJ) above, for any fixed A > we have 



A 2 « / ^(Ai^-t/iCAiaJfda) / |T 2 (A 2 a)| 2 |T fc (A 3 a)| 2 da 
y J-p/x J y J-p/x 

/ x \ 1/2 / y 1 /-* , /" p/x x 2 / fc ~ 3 \ 



X 1 /2+l/fe 



(k)gX) A / 2 

by Theorem [3] (with C = 12/5), which we can use provided that X/P > X 1 / 6 "" 1-6 , that is, 
P < X 5 / 6_£ . This proves that ?? 2 A 2 = o(rj 2 X 1 ' 2+1 ' k J. Furthermore, using the inequalities 
(EJ) and (jBJ) we see that 

i-l/X rP/X 

P 2 < / |T 2 (A 2 a)| |T fc (A 3 a)|da + X / a\T 2 {X 2 a)\\T k {X 3 a)\da 



i/x 



<<; X l/k-l/2 + X l/k-l/2 f 0^ « X 1 /fe-V2 l og p 

Ji/x a 

so that r/ 2 P 2 = o^X^+V*). 

2.4. Bound for J 4 . Inequality (jl]) implies that 

J 4 < ?? 2 / |Si(Aia)| |S 2 (A 2 a)| |S fe (A 3 a) - T fc (A 3 a)| da 
Jm 

< r? 2 / | S'i(AiCk) I |S 2 (A 2 a)| \S k (\ 3 a) - U k (X 3 a)\ da 
+ r] 2 |Si(Aia)| |S 2 (A 2 a)| |^ fc (A 3 a) - T fc (A 3 a)| da 



,2/ 



= 77 2 (A 4 + J B 4 ), 

say. The Parseval inequality and trivial bounds yield, for any fixed A > 0, 

A 4 <X 1 / 2 (/ |5 1 (A 1 a)| 2 da) (7 |S fc (A 3 a) -f4(A 3 a)| 2 da) 
van ' Van ' 

« X(logX)V 2 |U.(x, ^) V2 « A X^+^logX) 1 / 2 ^/ 2 

by Theorems [2] and [3] (with C = 12/5) which we can use provided that X/P > X 1_5 '' 6 ^ +e , 
that is, P < X 5/(6fe)_e . This proves that 77^4 = o(^ 2 X 1/2+1/A: ). Furthermore, using (jSJ), 
the Holder inequality and trivial bounds we see that 



B4 <C / J 5*1 ( Aict) I |S 2 (A 2 a)| da + X / a|Si(Aia)| |S 2 (A 2 a)| da 

Jo Jl/X 

/ /" p/x 9 \i/2/ r p/x r p/x 

<X 1/2 + X / S'i(Aia) da / |S 2 (A 2 a)| da / a 4 da 

Vl/X ' Vl/X Jl/X 



|Si(Aia)| da) ( / |S 2 (A 2 a)| da / 

IX ' Vl/X Jl/X 

« X(XlogX) 1 / 2 (X(logX) 2 ) 1 /^^ 5/4 « pV4 X i/2 logX 

Here we used Satz 3 of Rieger [10] to bound the fourth moment of S 2 . Hence, taking 
P = o(X 4 /( 5fc )(logX)~ 1 ) we get ^ 2 P 4 = o(^ 2 X 1//2+1//fc ) . We may therefore choose 

P = X 4 ^ 5fc ^~ e . (7) 

2.5. The intermediate arc. We need to show that |S'i(Aia)| 1 / 2 and |S 2 (A 2 a)| can not 
both be large for a G m, exploiting the fact that Ai/A 2 is irrational. We do this using 
two famous results by Vaughan and Ghosh, respectively, about Si (a) and S 2 (a). 
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Lemma 1 (Vaughan [T5], Theorem 3.1). Let a be a real number and a,q be positive 
integers satisfying (a,q) = 1 and \a — a/q\ < q~ 2 . Then 

Lemma 2 (Ghosh jl], Theorem 2). Let a be a real number and a,q be positive integers 
satisfying (a, q) = 1 and \oc — a/g\ < q~ 2 . Let moreover e > 0. Then 

q \i/4 

.q ' X 1 / 4 ' x) ' 

Lemma 3. Let 1 < k < 33/29. Assume that Ai/A 2 is irrational and let X = g 9fc /( 2fc + 3 ) ; 
where q is the denominator of a convergent of the continued fraction for A1/A2. Let 
V(a) = min(|S'i(Aia)| 1//2 , (S^^a)!)- Then we have 

supV(a)«X( 29fc+3 )/( 72fc ) +e . 



Si(a) < (— + ^fX~q + X^ log 4 X 



S 2 (a)« E X^a + ^ + 



Proof. Let a G m and Q = X^ 7k ^^ 18k ^ < P. By Dirichlet's Theorem, there exist 
integers a^g, with 1 < < X/Q and (a*, gj) = 1, such that |AjO:gj — Oj| < Q/X, for 
i — 1,2. We remark that aia2 7^ 0, for otherwise we would have a 6 97L Now suppose 
that gj < Q for i = 1, 2. In this case we get 

Ai a 2 , . ai 

«2giT aig 2 = (Aiagi — aij- (A 2 ag 2 — a 2 J 



A 2 ' ' X 2 a A2« 

and hence 

Ai 

a2giT — ong2 
^2 





Ai 




< 2 (\ + 


) 




A 2 





1 

X 2g 



for sufficiently large X. Then, from the law of best approximation and the definition of 
m, we obtain 

X (2k + 3)/(9k) = g < | a2?i | <<; < q2^ < X (2fc+3)/( 9fc )- £) (Q) 

which is absurd. Hence either q% > Q or g 2 > Q. Assume that gi > Q. Using Lemma [1] 
on 5*1 (Aia), we have 

fX \ 1/2 

V(a)<|Si(A lC 0r /2 < sup — + V /X^ + X 4 / 5 log 2 X 

Q«?i<X/Q \V9l / 

<X( m+3 )/( 72fc )(logX) 2 . 
The other case is similar, using Lemma [2] instead, and hence Lemma E] follows. □ 

Lemma 4. For j = 1,2 we have 

\Sj{\ja)\ 2i K v (a) da < 7]X(\ogX) j 



j \S k (X 3 a)\ 2 K v (a)da<t:vX 1/k (hgXy 

J m 



Proof. The proof is achieved arguing as in §2.61 below where we bound the quantities A, 
B and C, the main difference being the fact that we have to split the range [P/X, R] into 
two intervals in order to use (jl]) efficiently. See also the proof of Lemma 7 of To lev [12] . 
For the sake of brevity we skip the details. □ 
Now let 

Ii = {«G [P/X,R]: ^(Aia)! 1 / 2 < \S 2 (X 2 a)\} 
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X 2 = {ae [P/X,R]: ^(^a)^ 2 > \S 2 (X 2 a)\} 
so that [P/X, R]=XiU £ 2 and 

I(r),m,m) < ( / + / ) \S 1 (\ia)S 2 (\2<y)S k (\ 3 a)\K ri (a) da. 

Holder's inequality gives 

1/4 



< max|5i(Aia)| 1/2 f I {S^Xta^ 2 K v {a) da 
Xi aeXi \J Xi 



X 



\ 1/4 / r x 1/2 

\S 2 (X 2 a)\ 4 K v (a)da) ( \S k (X 3 a)\ 2 K v (a) da) 

' X± J X\ 

< ^x (65fc+39)/(72fe)+£ 

by Lemmas [3] and HI The computation on £ 2 is similar and gives the same final result. 
Summing up, 

I( V ,™,m)\ « v X^ k+39 ^ 72k ^ £ 
and this is o(ri 2 X l l 2+l l k ) provided that 

v = oo{X^ 29k ~ 33 ^ 72k ^). (10) 

2.6. The trivial arc. Using the Holder inequality and a trivial bound for S k (X 3 a) we 
see that 

r+oo 

I( V ,w,t) <2 / |S 1 (A 1 a)||^(A 2 «)||^(A 3 «)|^(«)da 
Jr 

0r+°° x 1/2 / x i/4 

' iS^atf K v (a) da) ( \S 2 (X 2 a)\ 4 K v (a) da) x 
R J R 

+oo 1//4 

|S , fc (A 3 a)| 4 K r? (a) da) 

. / r+°° \ 1/2 / r+°° x i/4 

<X l ' 2k i iSxiXxa^K^da) ( \S 2 (X 2 a)\ 4 K v (a) da) x 

J R J R 

\ V 4 

\S k (X 3 a)\ 2 K v (a) da) 

R 

say, where in the last but one line we used the inequality (j4j), and we set 
J\\!\R a J\X 2 \R a J\\ S \R a 

We have 

1 r icr m 2j ^X]QgX 



1 /" n 



by the Prime Number Theorem (PNT). Arguing similarly, using again Satz 3 of Rieger 
[TU] and Lemma 7 of Tolev [T2] respectively, we see that we also have B <C X(logX) 2 /i? 
and C <C X l l k (\og X) 3 /R. Collecting these estimates, we conclude that 

X 3/4+3/(4fe) (logX) 2 



R 



Hence, |/(ry,iu,t) = o(?7 2 X 1 / 2+1 / fc ) provided that we choose, say, 

R = v - 2 X i - l - l l k V\\ogXf. (11) 

2.7. Remark on the choice of the parameters. The constraint on the choice X = 
q,9fc/(2fe+3) w ith 1 < A; < 33/29 arises from the bounds (jHJ) and ([9]). Their combination pre- 
vents us from choosing the optimal value X = q 2 . This is justified as follows: neglecting 
log-powers, let X = q a( - k \ Q = X b( - k \ r] = X~ c( ~ k \ and recall the choices P = X 4 / (5fc) ~ £ 
in (J7J) and R = r]^ 2 X^ 1 ^ k ^ 4 (logX) 3 in (11 ip which are due, respectively, to the bound 
for B± and for the trivial arc. Then, essentially, we have to maximize k subject to the 
constraints 

' 'a(k) > 1 
< b(k) < ± 
c(k) > 

' 2b{k) - 1 < -l/a(k) by (JED, 

2b{k) + 2c{k) + |(1 - i) < l/a{k) by Q, 

,- c W>|-4-iW by (HDD, 

which is a linear optimization problem in the variables l/a(k), b(k), c(k) and 1/k. The 
solution for this problem is l/a(k) = (2k + 3)/(9Jfe), b(k) = (7k - 3)/(18fc), c(k) = 
(33 — 29k) j (72k) , for 1/k > 29/33, and this is equivalent to the statement of Theorem[TJ 

3. L 2 -NORMS OF EXPONENTIAL SUMS OVER PRIME POWERS 

In the proof of Theorem [T] we needed a mean-square average of Sk(a) — Uk(a), respec- 
tively defined in ([2]) and (jSD, for k > 1. In this section we see the slightly more general 
case k > 0. 

We need to recall that 0(x) = J2 P < X ^°SP an d to define the quantity 

J k (X, h) = J (6((x + hfl k ) - 6(x 1/k ) - ((x + h) l ' k - x 1/k )j dx (12) 

which is a generalization of the Selberg integral which is well suited for our problem. To 
be consistent with the classical definition, we will also denote J\ as J. 

We want first to relate a truncated L 2 -average of Sfc(a) — Uk(ct) with Jk(X, h) and then 
to obtain a suitable estimate for the latter. 

Theorem 2. Let k > be a real number. For < Y < 1/2 we have 

/ \S k (a) - U k (a)\ 2 da « fc + Y 2 X + Y 2 J k [X, —J, 

J — - V 

where J k (X,h) is defined in (|T2l . 

A similar result holds replacing logp with the von Mangoldt function A(n) in the 
definition of S k (a) in (j2J); the only difference in the statement above will be replacing 
J k with as defined in (fT7j) . The case fc = 1 is well known, see, e.g., Lemma 1 of 
Brudern-Cook-Perelli [2]. 

In order to state the following result, we introduce an hypothesis on the density of the 
zeros of the Riemann zeta-function. With classical notation, we assume that there exist 
constants B > and C > 2 such that for a G [l/2, l] and T > 2 we have 

N(a,T) < T c(1 - CT) (logT) B (13) 
Huxley [6] proved that (|T3|) holds with C = 12/5 and some B > 0. 
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Theorem 3. Let k > be a real number and e be an arbitrarily small positive constant. 
Assuming that ffT3"j) holds, there exists a positive constant c\ = Ci(e), which does not 
depend on k, such that 

^><<^ 2/t -M--(i^n 

uniformly for x 1 ~ 2 ^ Ck ^ +s < h < X . Assuming further that the Riemann Hypothesis 
holds, we have 

J k (X,h)^ k hX^log 2 ^—) 

uniformly for X x ~ x l k < h < X . 

Notice that if k > 1 and h < X 1 ' 1 ^, then the bound J k {X,h) < XlogX follows 
immediately from the Prime Number Theorem. For k < 1 the previous condition on h 
become essentially meaningless. The case k — 1 of the previous theorem was proved by 
Saffari-Vaughan [11], see §6 there, while in Zaccagnini [16] a wider range for h in the 
unconditional case is given, but the proof does not easily lend itself to the generalization 
we pursue here. The unconditional case k = 2 of Theorems [2] and [3] (with C = 12/5) was 
proved in Languasco-Settimi [7J. Applications of this case to some diophantine problems 
with primes and squares of primes were given in |7J and in Languasco-Zaccagnini [8]. 
Results similar to Theorem [3] hold also replacing 6(x) with ip(x), see Lemma below, 
and replacing h with 5x, see Lemma 

3.1. Proof of Theorem [H Letting X := f_ Y \S k (a) - U k (a)\ 2 da, we see that the result 
is trivial for < Y < 1/X since X <C YX 2 l k < y-^x 2 !^ 2 log 2 X in this range. Assuming 
that 1/X < Y < 1/2, we can write 



-y 2 
1= I (£( n ) - l)e(n k a 



Y 



X<n k <2X 



da, 



where £(n) = logp if n = p prime and £(n) = otherwise. By Gallagher's lemma (Lemma 
1 of [3]) we obtain 

2 

dx 



/oo 
( E mo- 1 : 

1 



<n k <x+H 
X<n k <2X 



where we defined H = 1/(2Y). We can restrict the integration range to E = [X — H, 2X] 
since otherwise the inner sum is empty. Moreover we split E as E = E\ U E 2 U E 3 where 
E 1 = [X - H, X], E 2 = [X, 2X -H], E 3 = [2X - H, 2X\. Accordingly we can write 



X<<y2 (X + j E + j E ) ( ^ {t{n)-l))dx = Y 2 {h + I 2 + h), 



>E 2 JE 3/ X < n h< x+H 
X<n k <2X 

say. We now proceed to estimate U, for every i = 1,2,3. 
Estimation of 1\. We immediately have 

'■X 



(14) 



h < / (0 ((s + Hf/ k ) - 9{X l ' k ) - ((x + H) l ' k - X^Ydx + H. 



By trivial estimates we obtain 
-x 



Ji<log 2 x/" f(x + H) 1/k -X 1/k ) 2 dx + H <t:H 3 X 2/k - 2 \og 2 X + H. (15) 



Estimation of I 3 . A similar argument gives the same bound for J 3 , too: we omit it for 
brevity. 

Estimation of I 2 . We have 

r 2X / \ 2 

h < / (0 {{x + H) 1/k ) - 6 (x 1/k ) - ({x + H) 1/k - x 1/k )) dx + X 

= J k (X,H)+X, (16) 

where we used the definition in (TT2l . Therefore, by (TT4|) - (TT6]) . the bound Y > 1/X and 
recalling that H = 1/(2Y), we have 

X^log 2 X , _ 2 , - f v 1 



X « + XY< + Y\J k [X, — 

and this proves Theorem [2j 

3.2. Proof of Theorem [3l We reduce our problem to estimate 

f 2X 9 
J k; 4X, h) := / + - ^ 1/k ) ~ ((x + h) l ' k - x l ' k )) dx (17) 

Jx 

since, using |a + 6| 2 < 2|a| 2 + 2|6| 2 and Lemma [7] below, we have 

r 2X 9 

J k (X, h) < J M (X, h) + / (i/)((x + hf' k ) - ^(x 1 ^) - 6((x + hf' k ) + ^x 1 ^)) dx 

Jx 

<^J k ,4X,h) + hX 1 / k . (18) 

To estimate the right-hand side of (|T8|) . we use the following result we will prove later. 

Lemma 5. Let k > be a real number and e be an arbitrarily small positive constant. 
Assuming that f[T3"j) holds, there exists a positive constant c\ = c\{e), which does not 
depend on k, such that 

^,X, ft )«/^/-exp(-c 1 (^) 1/3 ) 

uniformly for x l ^ 2 ^ Ck "> +£ < h < X, where Jk,ip(X,h) is defined in (|T71) . Assuming 
further that the RH holds, we have 



/IX \ 

Jw(X, h)«hX^ k \og\—) 



uniformly for X 1 l l k < h < X . 

Theorem [3] is an immediate consequence of Lemma [5] and ffTB"]) . In its turn, Lemma |5] 
is a consequence of the following result. 

Lemma 6. Let k > be a a real number and e be an arbitrarily small positive constant. 
Assuming that f|T3|) holds, there exists a positive constant c\ = C\{e), which does not 
depend on k, such that 

r 2X 9 
J kti ,(X,S):= (4>{{x + 5x) l/k ) - iP{x 1/k ) - {{x + 5x) l/k - x l/k )) dx (19) 
Jx 

/ logX \V3 

Cl Vlog logX/ 

uniformly for X~ 2 ^ Ck ^ +e < 5 < 1. Assuming further that the RH holds, we have 



<5 2 X 2 / fc+1 exp( 



J M (X,5)«5X 1 / fc +Mog s 
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uniformly for X x l k < 5 < 1 . 

The same estimates hold if we insert 9 in place of ip in the previous quantities. 

Proof of Lemma El We set A = (1 + 5) 1/k - 1 in (JT9]) getting 

~ r 2X / \ 2 

J k>i> (X,6) = / (v(^ lA (l + A))-^(x 1 / fc )-Ax 1 / fc J dx. 



Performing the substitution y k = x we get 

J M (X, 5) = / U{y{\ + A)) - ^(y) - Ay) ky k ^ dy 

Jx 1 / k v y 

x fc X 1 ~ 1 / fc J(X 1 / fc ,A). (20) 

In the unconditional case, by Lemma 5 of Saffari-Vaughan [TT], for A > X~ 2 ^ Gk ' +£ we 
have 

where Cj(e) > and we may take, essentially, c 2 (e, k) = Ci(e)k~^ 3 . For k e (0, 1) we are 
therefore allowed to take a value of C2 which is independent of fc. 

In the conditional case, from (|2"U|) and by Lemma 5 of Saffari-Vaughan [TT], we deduce 

J k dX,5) x fc X 1 - 1 ^AX 2 / fc log(^) x fc X 1 / fc+1 Alog(^). 

provided that A > X' 1 ^. It is easy to see that A = (1 + 5) 1/k - 1 = (l/k)S + O k (S 2 ), so 
that 1/A = k/S + Cfc(l) < fc 1/5. Hence 

{X 2/k+l 5 2 exp f - c 2 (s, k) (t-—t—t?) ^ ^ unconditionally, 
v viogiogx; ; 
X 1 / fc+1 51og^-^-J assuming RH. 

A similar computation allows us to express the above bounds for A in terms of 5. Skipping 
details for brevity, we may conclude that Lemma [6] holds true for k G (0, 1) (with a 
constant c\ > that depends only on e) provided that 5 > x~ 2 ^ Ck ^ +2£ unconditionally, 
and that S > (1 + e)kX~ 1 ^ k if we assume the RH. 

In the remaining range k > 1 the previous proof gives a constant C\ which depends on 
k. In fact, one can obtain Lemma [6] in the full range for k and c\ independent from k 
following the proof of Saffari-Vaughan [11] (as in [7J for the case k = 2) but, since in the 
applications k is usually bounded, we omit such a proof here. 

We finally remark that the estimates with 9 in place of ip follow arguing as in f[T8l) and 
using the second part of Lemma UJ □ 
Proof of Lemma [51 We follow the argument of §6 in Saffari-Vaughan |llj . Let now 
2h < v < 3h. and define 

J) M (a, b) = tfj(a 1/k ) - ^(6 1/fc ) - (a 1 ' 1 * - b 1/k ). (21) 

To estimate J k ^(X, h) (defined in ffTTI) ). we first remark, by (12"T1) . that 

r-2X p3h r-2X r3h 

hJ k> ip{X,h) </ / X)^(ar + v,a?) du dx+ / / D 2 kAjj (x + v, x + h) dv dx. 

JX J2h JX J2h 

(22) 

n 



Setting z = v — h,y = x + h and changing variables in the last integration, the right-hand 
side of (122]) becomes 

n2X p3h p2X+h p2h 

</ / ®w(x + v,x)dvdx+ / 3) 2 k ^(y + z,y)dzdy. 

JX J2h JX+h Jh 

Since both the integrand functions are non-negative, we can extend the integration ranges 
to get 

p2X+h p3h p2X+h p3h/x 

hJ kt1 p(X,h) / / Dl ^x + v,x) dv dx = / x ID 2 , ^{x + 8x, x) dS dx, 

JX Jh JX Jh/x 

where in the last step we made the change of variable 5 = v/x, thus getting 5 > h/x > 
X~2/{Ck)+£ ag j n ^Yiq hypothesis of Lemma O Interchanging the integration order we 
obtain 

p3h/X n2X+h 

hJ kji> {X, h) < (X + h) / / tol^ix + 5x, x) dx dS. 

Jh/(2X+h) JX 

Finally, in the first case, i.e. assuming ([TBI , we use Lemma [6] to get 

logX \i/3 



J fc ,^(X, h) < h 2 X 2/k - x exp 



Cl 



> log log X 
Assuming RH, Lemma [6] implies 

*0 « ^ / 3VX log 2 (§) d5 « hX^ k log 2 . 

h Jh/(2X+h) v n } 

This concludes the proof of Lemma [5j □ 

The following elementary lemma is useful in passing from the 9 to the i[) function in 

Theorem [3J 

Lemma 7. Let k > be a real number. For X l ~ l l k < h < X, we have 

r2X 2 

tfj({x + h) 1/k ) -^(x 1/fc ) -6({x + h) 1/k ) +6(x 1/k )) dx < hX 1/k . 
x v ' 

Moreover, for X~ x l k < 5 < 1, we have 

V((x + 5x) 1/fc ) -^(x 1/k ) - e((x + 8x) 1/k ) + e(x 1/k )) 2 dx <t: 8x 1/k+1 . 



2X 

x 



Proof. Since if)(u) = Y^m=i @( ul ^ m ), we have 

^((x + /i) 1//c ) - </>(x 1/fe ) - 0((x + h) l/k ) + ^(s 1/fc ) 

log^xVfc) logaKz+h) 1 /*) 

= (^((^ + ^) 1/mfc ) -^(^ 1/mfe )) + #((x + /i) 1/mfc ). (23) 

m=2 m=log 2 (x 1 /fc) 

Clearly, the last sum has at most 1 + 1/k summands, which are uniformly bounded. 

Assume now that h G [x 1 ~ 1 / k ,X 1 ~ 1 / 2k ] and denote as A k (X,h) the left-hand side of 
the inequality in the statement. Using fl23l . we find that 

A k (X,h) = J ( J2 {0{{x + h) 1/mk ) -6(x 1/mk )) + 0(1)) dx 



m=2 

2X 



« / {e{{x + h) l i 2k )-e{x 1 / 2k )) z dx 
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p2X log 2 (x)/k 2 

+ / ( J2 {d{(x + h) 1/mk ) -6(x l/mk )U dx + 0(X). 

J x m=3 

We only deal with the first term, the other one being similar and, in fact, smaller. We 
exploit the fact that the integrand is usually and small when positive. Let M = |"X 1 / 2fc ] 
and N = [{2X) x ' 2k \. Let n e [M, N]; if x e [X, 2X] satisfies both x^ 2k < n and 
(x + K) x l 2k > n, then the integrand {9{{x + h) 1 /^) — 6(x 1 ^ 2k )) 2 is log 2 n if n is a prime 
number, and vanishes otherwise. The two inequalities above imply n 2k — h < x < n 2k . 
Summing up, for every prime p G [M, N] there is an interval of length h of values for x 
such that the integrand does not vanish. Hence 

A k (X,h)<^h (logp) 2 < ZiX^logX. (24) 

pe[M,N] 

Let us consider now h E [X 1 ~ 1 / 2k , X] . For the terms with m > 3 in (j23p we simply 
notice that 

e((x + h) l/mk ) - e(x 1/mk ) < iog((x + h) l/mk ) J2 1 

x 1 / mk <n<(x+h) 1 / mk 



< \ \og(x + h)((x + h) 1/mk - x 1/mk + 1 
mk V 

< — log(x + h)( —hx x ' mk - 1 + 1 
mk \mk 



by the mean- value theorem. The number of such terms is at most logx and hence the 
total contribution is bounded by an absolute constant times logo: log log x (hx 1 ^^ 1 + l). 
We now deal with the term 6((x + /i) 1//2fc ) — 6[x 1 ^ 2k ) . We have 

6{{X + h) l ' 2k ) - 6{x 1 ' 2k ) < \0g({ X + h) l ' 2k ) (tt((x + h) l ' 2k ) - TT^)) 

<fe l0gX \og(hx 1 / 2k - 1 + l) 

by the mean- value theorem again and the Brun-Titchmarsh inequality, which we can use 
for h ^$>k X 1_1 / 2fc : . Squaring out and integrating the previous estimates we get, for every 
fixed e > 0, that 

{h 2 X l ' k - 1 if Xl-V(2*)+e < h < X, 

A k (X,h) « fe , £ ^2 X i/ fc -i log 2 x if X l-l/(2k) < h < x i-i/(2fc) +£ _ ( 25 ) 

The first part of Lemma [7] now follows from (I24p - (j25p by trivial computations. 

The second part of Lemma [7| can be obtained with a similar argument. □ 
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